In quantum Shannon theory, transmission of information is enhanced by quantum features. Up to very recently, the trajectories of transmission remained fully classical. Recently, a new paradigm was proposed by playing quantum tricks on two completely depolarizing quantum channels i.e. using coherent control in space or time (superposition of paths or superposition of causal orders respectively) of the two quantum channels. We extend here this second-quantized quantum Shannon theory to the transmission of information through a network of an arbitrary number N of channels with arbitrary individual capacity (i.e. information preservation) in the case of indefinite causal order. We propose a general procedure to assess information transmission in the most general case. We give and discuss the explicit information transmission for N = 2 and N = 3 as a function of all involved parameters. We also exhibit the dependence of the information transmission as the number and nature of chosen causal orders encoded in the control system is varied. We show in the case N = 3 that the transmission of information for three channels is the double of transmission of the two channel case when a full superposition of all possible causal orders is used. Finally, we suggest an optical implementation using standard telecom technology.
In quantum Shannon theory, transmission of information is enhanced by quantum features. Up to very recently, the trajectories of transmission remained fully classical. Recently, a new paradigm was proposed by playing quantum tricks on two completely depolarizing quantum channels i.e. using coherent control in space or time (superposition of paths or superposition of causal orders respectively) of the two quantum channels. We extend here this second-quantized quantum Shannon theory to the transmission of information through a network of an arbitrary number N of channels with arbitrary individual capacity (i.e. information preservation) in the case of indefinite causal order. We propose a general procedure to assess information transmission in the most general case. We give and discuss the explicit information transmission for N = 2 and N = 3 as a function of all involved parameters. We also exhibit the dependence of the information transmission as the number and nature of chosen causal orders encoded in the control system is varied. We show in the case N = 3 that the transmission of information for three channels is the double of transmission of the two channel case when a full superposition of all possible causal orders is used. Finally, we suggest an optical implementation using standard telecom technology.
I. INTRODUCTION
In information theory, the main tasks to perform are the transmission, codification, and compression of information [1] . By introducing quantum phenomena such as quantum superposition and quantum entanglement to the carrier and channels of information, the classical information theory became a new paradigm known as quantum Shannon theory [2] where each figure of merits can be enhanced: the capacity to transmit information in a channel is increased [3] , the security to share a message is improved [4] and the storing and compressing of information is optimized [5] . In all these enhancements, the carriers and the channels of information only are considered as quantum entities. On the other hand, connections between channels are still classical, that is, quantum channels are connected abiding a definite causal order in space and time. However, principles of quantum mechanics and specifically the quantum superposition principle can be applied to the the connections of channels [6] , i.e. the trajectories either in space or spacetime [7, 8] .
Recently, it has been theoretically [9] and experimentally [10] shown that two completely depolarizing channels can surprisingly transmit classical information when combined with an indefinite causal order i.e. when the order of application of the two channels is not one after another but a quantum superposition of the two possibilities. This task is impossible to achieve using either channel alone or a cascade of such fully depolarizing channels in a definite causal order. Causal activation of communication was invoked to explain this counterintuitive result and also demonstrated to enable transmission of quan- * Corresponding author: lorenzo.procopio@c2n.upsaclay.fr is a depolarizing channel applied to the quantum state ρ, where q i is the strength of the depolarization. For two channels, depending on the control system ρc, there are 2! possibilities to combine the channels with definite causal order; (a) If ρc is in the state |1 1|, the causal order will be N 1 N 2 . (b) On the other hand, if ρc is on the state |2 2|, the causal order will be N 2 N 1 . (c) However, placing ρc in a superposition of its states, i.e. ρc = |+ +|, where
(|1 + |2 ) results in the causal order of N 1 and N 2 to become indefinite. In this situation we said that the quantum channels are in a superposition of causal orders. This device is called quantum 2-switch [6] whose input and output are ρ ⊗ ρc and S(N 1 , N 2 )(ρ ⊗ ρc) respectively. tum information [11] , even with a zero capacity channel [12] . Superposition of paths with definite causal order also exhibits advantages to transmit information through fully noisy channels [13] and the specifics of each kind of quantum coherent control is the matter of stimulating discussions [14, 15] . Interestingly, a generalization of quantum Shannon theory was proposed in [14] . The wellestablished quantization of the internal degree of freedom of the information and/or channels is presented as a first k=1 |k we will have a superposition of six different causal orders. This is an indefinite causal order called quantum 3-switch whose input and output are ρ ⊗ ρc and S(N 1 , N 2 , N 3 ) respectively. Notice that for each superposition with m different causal orders, there are 3! m possibles combinations of causal orders to build such superposition with three channels, where
level. The quantization of external degree of freedom, i.e. connections between channels, either through superposition of causal orders or superposition of paths, is considered as a second quantization level of the quantum Shannon theory of information.
In all this blooming literature, the main efforts were concentrated on assessing the first level of complexity, namely the nature of the quantum connection between two channels. In this paper, we tackle the general situation of an arbitrary number N of channels. We further unveil some particularly interesting behaviors in the more specific case of an indefinite causal order with N = 3, a case attainable with nowadays technologies.
The ambiguity in the causal order has indeed recently been theoretically proposed as a novel resource for applications to quantum information theory [16, 17] , quantum communication complexity [18] , quantum communication [11] . Computational and communication advantages have indeed been experimentally demonstrated [19] [20] [21] [22] . Initially, indefinite causal orders have been studied and implemented using two parties with the proposal of a quantum switch by Chiribella et al. [6] followed by ex-perimental demonstrations [19] [20] [21] [22] [23] . The quantum switch is an example of quantum control where a switch can, like its classical counterpart, route a target system to undergo two operators in series following one causal order (1 then 2) or the other (2 then 1) but the quantum switch can also trigger an whole new quantum trajectory where the ordering of the two operators is indefinite. Efforts to describe the quantum switch in a multipartite scenario of more than two quantum operations have been recently started [24] but applications of indefinite causal order using N parties are still lacking. Specifically, in a quantum N -switch used in a second-quantized Shannon theory context, the order of application of N channels N j to a target system ρ is coherently controlled by a control system ρ c . The state of ρ c encodes for the temporal combination of the N channels applied to ρ. There are N ! different possibilities of definite causal orders using each channel once and only once, as sketched in Fig. 1 and Fig. 2 for N = 2 and N = 3 respectively. For each causal order of channels, the overall operator is
where π ∈ S N is a permutation of the symmetric group on N elements S N . In a quantum N -switch, the control state ρ c on the state |1 1| for example fixes the order of application of the channels to be N 1 N 2 · · · N N = N Id whereas choosing ρ c = |k k|, k ≤ N ! would assign another ordering
The key to accessing indefinite causal order of the channels is thus to put ρ c in a superposition of the |k k| states e.g. ρ c = |+ +| where |+ = 1 √ N |k . The paper is organized as follows. Section II is devoted to the general theoretical framework for the investigation of the transmission of classical information over N channels with arbitrary degree of depolarization. In Section III, we explicitly analyze the case N = 2, that we generalize to any degree of depolarization and the case N = 3. We compare the Holevo information as the number of causal orders involved in the superposition of causal orders increases from one (definite causal order) to two (N = 2 and N = 3 using only a subset of resources) and finally to six (N = 3 using a maximal number of resources). In Section IV, we discuss the possible practical implementation of the quantum N -switch channel for N ≥ 2.
II. TRANSMISSION OVER MULTIPLE CHANNELS
Quantum Shannon theoretical task for N channels. First, the sender prepares the target system in ρ where the information to transmit is encoded. A control system ρ c is associated to the target system to coherently control the causal order for application of N quantum channels. We map the basis for the quantum state of ρ c to the elements of the symmetric group of permutations
where k is associated to a specific definite causal order to combine the N channels where each channel is used once and only once. Then, the sender introduces an input ρ ⊗ ρ c to a network of N depolarizing channels N D qi = N i , 1 ≤ i ≤ N applied in series (i.e. the output of one channel becomes the input of the next channel). Throughout this work the N depolarizing channels N 1 , N 2 , . . ., N N can have different depolarization strengths q i , N D qj is noted N j for better readability.
After the network, the receiver gets the output state S (N 1 , N 2 , . . . , N N )(ρ ⊗ ρ c ), where S is the quantum Nswitch channel. Eventually, the receiver measures ρ c in order to be able to read the information encoded in ρ. Only the receiver can measure ρ c and no information is encoded by the sender into ρ c which controls the way information is transmitted only.
Communication quantum channels in a network are mathematically described with completely positive trace preserving maps (CPTP). Here, we adopt the Kraus decomposition 
where each N j is thus decomposed on an orthonormal basis {U
. N j has no noise when q j = 1. On the other hand, N j is completely depolarizing when q j = 0. The results reported in [9, 13] elaborate on transmission of information via a maximum of two completely depolarizing (q 1 = q 2 = 0) channels N 1 and N 2 . Below we extend the results from [9] to the case of a quantum switch with N channels N j with arbitrary individual depolarization strengths q j .
We define the state of the control state ρ c as
where P k is the probability to apply the causal order k (corresponding to the permutation π k ) to the channels such that
The action of the quantum N -switch channel S(N 1 , N 2 , . . . , N N ) can be expressed through generalized Kraus operators W i1i2...i N for the full quantum channel resulting from the switching of N channels as 
where identity operators in the target and control system space are noted 1 t and 1 c respectively. This check of unitarity indicates how the reordering of the i j indices allow for the systematic reordering of the sums, i.e. isolating and grouping of the i j = 0, as formally and briefly described below and in the Methods section and detailed in Appendix C and E for N = 2 and N = 3 respectively. Introducing the Kraus operators W into S(N 1 , N 2 , . . . , N N ), equation (3) can be written as sum of N + 1 matrices S z whose N ! × N ! elements are matri-
where z is the number of indices i j equal to zero in W and 
where (2) have been simplified in U ij . The matrix S and the pivotal equations (4-6) contain all information about the correlations between precise causal orders coherently controlled by ρ c and the output of the quantum switch. S is a function of several parameters: the involved causal orders π k via the probabilities P k , the depolarization strengths q i 's of each individual channel N i , the dimension d of the target system undergoing the operations of those channels and the number of channels N . Notably the sum over k and k in equation (5) can be restricted to a subset of definite causal orders via the probabilities P k , i.e. a subset of superposition of m causal orders among the N ! existing ones for advanced quantum control. This handle had remained unexplored up to now with former explorations limited to two channels.
We give the explicit expressions of the quantum switch matrices for the quantum N -switch channel for N = 2 and N = 3. We access these new and necessary matrices of the quantum N -switch channel via the systematic ordering of the terms in equations (3) as mentioned in equations (4-6). This is explained in the Methods section and applied to the cases N = 2 and N = 3 in Appendix C and E respectively.
The explicit calculation of the quantum N -switch channel gives important insights on the transmission of information coherently controlled by ρ c in a fascinating multi-parameter space where the nature and number of the useful causal orders in the control state superposition, the dimension of the target system, the level of noise all play a role. We thus then briefly review below some of the intriguing behaviors associated to the parameters exploration in the N = 2 and N = 3 cases.
III. RESULTS FOR N = 2 AND N = 3
Transmission of information for two and three depolarizing channels. To show the usefulness of Eq. (4), we derive general expressions to investigate the transmission of information through two and three channels (see Methods section). Our method can be easily applied to any number of depolarizing channels provided that {U i } (4), we derive (see Appendix C) the quantum 2-switch matrix for superimposing two channels (N = 2) in an indefinite causal order
where the diagonal and off-diagonal elements are given in Appendix D and are proportional to the ρ and 1 d matrices. For three channels, Fig. 2 shows different ways to connect channels N 1 , N 2 and N 3 in either a definite causal order Fig. 2 (a) ,(b),(c),(d),(e),(f) or in an indefinite causal order taking into account all 3! causal orders Fig. 2 (g). The quantum 3-switch matrix is again calculated with Eq. (4) (see Appendix E) :
where the diagonal and the off-diagonal elements whose expressions are given in Appendix F are also proportional to ρ and 1 d matrices. From the definition of symmetric matrices [25], we can see that the quantum switch matrices (7) and (8) are symmetric matrices with respect to the main diagonal, thus as the number of channels increases, the number of different entries involved in the quantum N -switch matrix S scales as N !(N ! + 1)/2. Notice that these matrices also characterize information transmission of any definite causal ordering π k of channels N π k when setting P k = 1 and P s = 0 for all s = k.
Matrices in equation (7) or (8) are written in the basis of the control system ρ c which maps and weights the chosen causal orders. To know the best rate to communicate classical information with two and three channels, we diagonalize matrices (7) and (8) to compute the Holevo information (see Methods section and Appendix G and H) which quantifies how much classical information can be transmitted through a channel [3, 13, 26] .
Figure 3 (a) and (b) give the Holevo informations χ Q2S and χ Q3S for two and three channels respectively, as a function of the depolarization strengths q i and the dimension d of the target system. For the sake of simplicity, we restrict our analysis to equal depolarization strengths, i.e., q 1 = q 2 = q 3 , with a balanced superposition of m = N ! causal orders, that is, with equally weighted probabilities P k .
The analysis of these results allows to draw the following conclusions :
• For a fixed dimension d, the Holevo information for indefinite causal order is always higher than that obtained through even the most favorable definite causal order. This is especially the case for totally depolarized channels i.e. q i = 0, ∀i.
• Two regions can be distinguished. In the strongly depolarized region (q < 0.3 for N = 2 and q < 0.5 for N = 3) the increase of the dimension d of the target system is detrimental to the Holevo information transmitted by the quantum switch. In contrast, in the moderately depolarized region (q > 0.3 for N = 2 and q > 0.5 for N = 3) the Holevo information increases both with q and d, as expected a maximum (not shown) for completely clean channels (q = 1). channels. Holevo information as a function of the depolarization strengths q i of the channels. We plot the subcase of equal depolarization strengths, i.e., q 1 = q 2 = q 3 = q, with equally weighted probabilities P k for two, N = 2 (a) and for three, N = 3 (b) channels. The transmission of information first decreases to a minimal value for Holevo information and then the transmission of information increases with q. For completely depolarizing channels, i.e. q = 0, the transmission of information is nonzero and decreases as d increases. A comparison between the Holevo information when the channels are in a definite causal order (dashed line) and when the channels are in an indefinite causal order (solid line) is shown. A full superposition of m = N ! causal orders is used.
• In the strongly depolarized region, increasing the number of channels to N = 3 is definitively advantageous for information extraction. For instance, in the case of totally depolarized channels (q = 0), the Holevo information is doubled with N = 3 with respect to N = 2 for all values of d.
Those are general trends that could be extrapolated to the general case of N channels but it is beyond the scope of this paper. Superimposing m causal orders. As the number of channels increases, the number of possible causal orders increases as well ( Fig. 1 and Fig. 2 ) : 2 for N = 2, 6 for N = 6, following the N ! law already introduced. This in turn increases the number of possible superpositions of combinations. We analyze here in details the Holevo information with respect to these superpositions in the case of three channels. Each definite causal order is associated to the control state |k k| with probability P k . We analyze the Holevo information considering all possible superposition of different causal orders with equally weighted prob-abilities P k . We restrict our analysis to the case in which the three channels are completely depolarizing, i.e., q 1 = q 2 = q 3 = 0. However our analysis can be easily extended to case of non-zero q i 's. Fig. 4 shows the values χ Q3S for all possible superpositions for d = 2 (blue) and d = 3 (red). For a fixed dimension d, as the number of causal orders is increased, the transmission of information is mostly increased.
In the case of m = 1 the Holevo information χ Q3S reduces to that of a definite causal order scheme, i.e. no information can be extracted.
For m = 2 the 15 possible combinations are evaluated to be one of two values χ min = 0 and χ max , the maximal one χ max is endorsed by 6 superpositions of different combinations (See Appendix I for details) and coincides with the Holevo information obtained exploiting fully the two channel configuration i.e., χ max = χ Q2S (q i = 0) [9] . This can be understood as follows. For those combinations of causal orders where causal activation is on, i.e. χ Q3S = χ max the quantum 3-switch is switching globally all channels , i.e. all channels are combined in an order where they all have changed positions in the ordering, while for those combinations where causal activation is off, i.e. χ Q3S = χ min = 0, the quantum 3-switch is switching locally only two individual channels N j and N k instead of globally switching all channels. In the particular case when causal activation is on, the quantum 3-switch is in fact switching only two channels: one channel N i and another composite channel N jk = N j • N k . The quantum 3-switch thus indeed behaves as the quantum 2-switch.
By increasing the causal order resource exploitation for the three channels case to m > 2, the Holevo information is enhanced. Note that for m = 3 (20 possible selections for the superpositions involved in the control states), causal activation is on for all combinations of causal orders, and it is maximal for two specific combinations for which the transmitted information is 1.67 times bigger than the transmitted information using two channels. It is interesting to notice that it is possible to surpass the bound in the transmission of information for the quantum 2-switch, combining three causal orders instead of involving all causal orders in the quantum 3-switch. From the experimental point of view, this fact can help reducing the complexity of implementations.
For m = 4, the Holevo information is smaller than those combinations of m = 3 where the transmitted information is maximum.
The two values collapse into a single one for the 6 pos- sible combinations associated to m = 5. Remarkably, when the 3-channel resources are fully exploited, for the single equally weighted combination of the m = 6 case, the Holevo information is two times that of the two channel configuration. The behavior of Fig. 4 can further be understood by noticing that the more the quantum switch has combinations to globally(locally) switch all channels, the more (less) information is transmitted. It seems that the m dependence of the Holevo information can indeed be tracked back comparing the number and nature (locally or globally) of involved combinations in the control state. This is sketched in the table of Fig. 6 in Appendix I) which summarizes our intuition for why some combination transmit more than others in the m = 3 case i.e. why χ min (m = 3) < χ max (m = 3) and why χ max (m = 4) < χ max (m = 3). This reasoning is independent of the dimension of the target state d. Note that indeed the Holevo information decreases as d increases but the overall m dependence is the same.
IV. DISCUSSION
We suggest here one possible experimental implementation for the quantum N -switch channel with N ≥ 2 channels. To experimentally implement the quantum switch channel, two main ingredients are required: a control and target system. Implementation of a quantum switch for N ≥ 2 thus faces several challenges: (i) For the control system, the choice of an appropriate quantum system to coherently control the order of operations. Its dimension d c must be adapted to route all orders of the N operations and grows as the number of permutations N ! (ii) For the target system, the chosen quantum system (dimension d) should undergo quantum operations different in nature from control system. (iii) As the number of operations N grows, the experiment requires coherent control in a robust and scalable manner of d c × d degrees of freedom which a priori grows as N ! × N !. In the existing experiments [19] [20] [21] [22] [23] , the control system has been realized using either the path or polarization degrees of freedom of a single photon, and for the target system, it has been implemented using either the polarization or the transverse spatial mode of the same photon. In all these implementations, fibered or in free space, the quantum switch is limited due to the encoding in the polarization degree of freedom and thus does not scale up to more than N = 2 quantum channels.
We suggest to scale up the quantum N -switch to N ≥ 2 with the generation and manipulation of single photons at telecom-wavelength, in a frequency-comb structure [27] [28] [29] . We propose to use the frequency bin of a single photon from a comb as the control system for routing the causal order of the operation of the channels, i.e. each frequency bin of the single photon supports a different quantum state of ρ c and thus a different ordering of channels. For the target system, we propose to use the time-bin [22] degree of freedom of the same photon going through the superposition of the channels.
In our suggested implementation (see Appendix J), the input mode, a frequency-delocalized single photon with N ! frequencies is injected. The photon is firstly de-multiplexed using wavelength division multiplexers (WDM), and then depending on the frequency, it is guided by selective optical links through the corresponding causal order k. At the end of the quantum switch, the frequencies of the single photon are coherently multiplexed into the output mode. Our scheme is feasible with the current telecom standard technology or in an integrated Silicon platform. It is only limited by optical losses and has no fundamental limitation on implementing any arbitrary number N of causal orders or increasing the dimensionality of the quantum systems involved. In practice this schemes requires robust and reliable filtering and perfect matching of fibered or integrated multiplexing and demultiplexing to the frequency combs.
Conclusion. We have investigated quantum control of N operators in the context of second-quantized Shannon theory and in the specific case of superposition of causal orders. We recover the operator of the quantum N -switch S for an arbitrary number of channels N and for any depolarization strengths of the channels. We detail a general procedure to assess the transmission of information by this quantum N -switch. We exploit our method to study the Holevo information in the case of N = 2 and N = 3 channels and explicitly give the S matrices in those cases, as a function of the number of channels, involved causal orders for the control, depolarization strengths, dimension of the target system. This allows for optimizations and understanding of all the involved parameters that we only started in this work. Remarkably, we found for example that the information transmission is doubled when the number of channels goes from N = 2 to N = 3 and when all causal order resources are used for the control system. We performed an exploration of the influence of the number and nature of the involved m causal orders on the Holevo information. We thus uncover new quantum features of indefinite causal structures exhibiting combinations that are more efficient than others. Our results are of prime importance for optimizing and minimizing resources to implement new indefinite causal structures, and for in depth understanding of the action and efficiency of coherent control. As we suggest they can be tested experimentally using standard telecom technology. Our work is to our knowledge the first study of indefinite causal structures in a multipartite scenario within a new paradigm for the quantum information and quantum communications fields.
V. METHODS
General procedure to evaluate S. In order to evaluate the quantum N -switch matrix from Eq. Az from Eq. (6) (iv) We deduce the matrices S z for all z from Eq. (5) (v) We then deduce the quantum N -switch matrix S from Eq. (4) by summing each matrix S z for all z. In Appendix C and E, we follow this procedure for the cases N = 2 and N = 3 and thus retrieve matrices (7) and (8) in the main text for the quantum 2-switch and the quantum 3-switch respectively.
Holevo information for N = 2 and N = 3. We compute the Holevo information of the quantum N -switch through a generalization and extension of the result obtained in [9] :
where S ≡ S(N 1 , N 2 , . . . , N N ) is the quantum N -switch channel, d is the dimension of the target system ρ, H(ρ We demonstrate here the unitarity of W which guarantees the legitimacy of equation (3).
Let us now prove that the Kraus decomposition for the quantum N -switch channel satisfies the unitary property both rely on the same reordering of the sums obtained by grouping terms with indices i s equal to zero,
where (10) can be re-written as
To distinguish these terms, we introduce the number z of indices i j equal to zero. The sums over the indices i j can then be rearranged as
b∈Bz , where A z is the set of z indices equal to zero (i a = 0, ∀a ∈ A z ) and B z is the complementary set of indices in [[1; N ] 
Az , where h Az = a∈Az qa 1−qa and h A0 = 1. We thus find:
2z a∈Az b∈Bz h Az 1 t ⊗ |k k|, where the sum over A z is the sum of terms h Az over all the elements of A N z , the set of all subset of z elements in [[1; N ] ]. This yields the factor
To prove equation (10), we then apply the total probability property
The same reordering applied to equation (3) leads straightforwardly to the factors Q k,k Az in equation (6).
B. Relations to evaluate coefficients Q k,k Az
We recall below the relations needed to deduce explicit matrices S z and then S for the quantum N -switch from the sums and products of the Q k,k Az factors :
where X is any d × d matrix and U i an orthonormal basis of unitary matrices. Applying equation (11)to X = 1,
and applying equation (11)to X = ρ, we get a uniform randomization over the set of unitaries U i =0 that completely depolarizes the state ρ, that is i U i ρU † i = d1.
C. Evaluation of S for N = 2
To explicitly evaluate Eq. (4) with two channels, we identify the two permutations in S 2 : π 1 = ( 1 2 1 2 ) and π 2 = ( 1 2 2 1 ). Equation (4) 
where we have used equations (11) and (13) for Q 1,1 ∅ , equation (11) with X = U i2 ρ and equation (12) 2) , (2, 1)}. Then, we may write
where r 0 = p 1 p 2 .
Coefficients for S 1 . In this case A 2 1 = {{1}, {2}} and B 2 1 = {{2}, {1}}. Let us first consider the coefficient Q
Using the general relations (11)- (13), we obtained Q
for all (k, k ), then the term S 1 can be written as
where r 1 = q 1 p 2 + q 2 p 1 . Finally, let us consider the term S 2 . In this case A 2 2 = {{1, 2}} and hence B 2 2 = {∅}. Note that Q k,k {1,2} = ρ for all k and k . Thus, the term with z = 2 reads
(17) D. Matrices Sz for the quantum 2-switch By expanding matrices S 0 , S 1 and S 2 in the control qubit basis, {|1 , |2 }, we are able to write
where 1 = 1 t . Summing these matrices according to equation (4), we find that the quantum 2-switch channel
, with r 0 = p 1 p 2 , r 1 = q 1 p 2 + q 2 p 1 and r 2 = q 1 q 2 which is the explicit expression for equation (7) in the main text.
E. Evaluation of S for N = 3
In this section, we explicitly evaluate expression (4) considering three channels. Let us label the 6 elements of S 3 according to the following set of permutations π 1 = ( 1 2 3 1 2 3 ), π 2 = ( 1 2 3 1 3 2 ), π 3 = ( 1 2 3 2 1 3 ), π 4 = ( 1 2 3 2 3 1 ), π 5 = ( 1 2 3 3 1 2 ) and π 6 = ( 1 2 3 3 2 1 ). Eq (4) for the quantum 3-switch channel matrix acting on input state ρ ⊗ ρ c reads S (N 1 , N 2 , N 3 
In this case note that
Besides, the sum in Q 1,k ∅ is over the indices {i 1 , i 2 , i 3 }. These can be computed explicitly Q 
4), (5, 5), (6, 6)}.
(20) After calculating all these coefficients, we obtain
where s 0 = p 1 p 2 p 3 . Coefficients for S 1 . In this case A
Using the relations (11)-(13) (see Appendix B) we obtain 
{1} for all k and k .
where
In this case A 3 2 = {{1, 2}, {1, 3}, {2, 3}} and hence B 3 2 = {{3}, {2}, {1}}. One one hand, let us consider
, here the operators 1 have been written for the sake of clarity as the permutations π k act on sets of three elements. In a similar way Q k,k
where s 2 = q 1 q 2 p 3 + q 1 q 3 p 2 + q 2 q 3 p 1 . Coefficients for S 3 . Finally, note that Q k,k {1,2,3} = ρ for all k and k . Thus, the term with z = 3 reads
where we have used the definition of the control qudit.
F. Matrices Sz for the quantum 3-switch Matrix S (N 1 , N 2 , N 3 ) is a 6 × 6 matrix whose matrix elements are matrices of dimension
Az , for all A z , then S(N 1 , N 2 , N 3 ) is symmetric with respect to the main diagonal. Notice that this aspect is not exclusive for the three channels but it is due to the exchange of the permutation group elements in Q k,k Az , so that it leaves Q k,k Az invariant. Now, by expanding equations S 0 , S 1 , S 2 and S 3 in the control qudit basis, {|1 , |2 , |3 , |4 , |5 , |6 }, we can write these matrices as
Summing these last matrices we found the quantum 3-switch matrix S(N 1 , N 2 , N 3 ) has diagonal elements as
. . , 6 and off-diagonal entries as
where s 0 = p 1 p 2 p 3 , s 1 = q 1 p 2 p 3 + q 2 p 1 p 3 + q 3 p 1 p 2 , s 2 = q 1 q 2 p 3 + q 1 q 3 p 2 + q 2 q 3 p 1 and s 3 = q 1 q 2 q 3 . These matrix elements are the entries of the matrix (8) from the main text.
G. Calculation of H min

H
min is recovered from the eigenvalues λ of the matrix S as described in Ref. [9] . However, here we follow a different procedure to find the eigenvalues of S. For N = 2 channels, the eigenvalues of S(N 1 , N 2 )(ρ ⊗ ρ 2 c ) can be retrieved analytically by rewritten matrix 7 as
where a 0 = (r 0 +r 1 )1/d+r 2 ρ, p = P 1 and q = 1−p = P 2 . By noting that matrices a 0 and b are linear combinations of 1 and ρ, we conclude they commute. As a result:
which given the commuting properties of the matrices yields for v r , r = p, q
which can be written in a factorized form as:
with:
where s = ± (subscript) or s = ±1 (coefficient). The existence of the last expression is warranted by the positivity of the discriminant [30] , considering the positivity of ρ and the structure of a 0 and b. The last expression generalizes the outcome in [9] . The properties of commutativity are inherited to a ± and the eigenvalues of −H min (S(N 1 , N 2 ))(ρ ⊗ ρ c ) are the eigenvalues of a + and the eigenvalues of a − . We follow [9] to get the eigenvalues diagonalizing a ± :
where λ ρ,i are the eigenvalues of ρ and where λ ±,i is defined because of the positivity of discriminant [30] . Finally, using the concavity of the entropy, the minimum of Entropy H min for a pure state is reached by setting just one λ ρ,i to one and all the others to zero: 
It is easy to show β k ≤ α 0,k , then γ 0,k,s ≥ 0 and λ ±,i ≥ 0 as expected. Also, 0 ≤ γ 0,k,s ≤ 1 then −H min (S(N 1 , N 2 )) ≤ 0.
H. Calculation ofρ N c
To obtain the output control systemρ 
where ω XIJAC = x,i,j p x |x x| |i i| |j j| ρ with ρ = X(i)Z(j)ρZ(j) † X(i) † and X(i) |l = |i ⊕ l , Z(j) |l = e 2πijl |l . After evaluating Eq. (37), we found that for N = 2 channels the output control state isρ 2 c = p 1 p 2 [P 1 |0 0| + P 2 |1 1| + √
where p i = 1 − q i , and for N = 3 channels we found
Both cases clearly fulfill the condition Trρ c = 1.
I. Combinations of superimposing m causal orders is the binomial coefficient. (a) For m = 1 causal order, there are six possible configurations, each in a specific definite causal order. We label them by giving in those 6 cases the P k = 1 which is non zero and corresponds to the causal order k of For simplicity we set for our estimates the non zero P k to be 1/ √ m. The dark frames with P 1 P 2 P 3 and P 1 P 4 P 5 and P 1 P 2 P 3 P 4 and P 1 P 2 P 5 P 4 correspond to the cases studied in Fig. 6.   FIG. 6 . Evaluation of combinations switching three channels. We detail here the four examples of superposition of m orders highlighted in Fig. 5 and relate them to their high χ max (m) or low χ min (m) transfer of information, shown in Fig. 4 , by evaluating the ratio of globally switching pairs among possible pairs in the superposition of m. For m = 3, the combination P 1 P 2 P 3 of causal orders k =1, 2, and 3 (according to the definitions of Fig. 2 ) yields a low value for the Holevo information χ min (m = 3). This combination only has 1 subset of 2 causal orders, highlighted in green and blue, to globally switch the channels whereas all possible three pairs in the P 1 P 4 P 5 superposition globally exchange all channels. For m = 4, the combination for the low value has 2 highlighted pairs to globally switch the channels among the possible 6 pairs, while there are 3 possible combinations to globally switch the 3 channels for the P 1 P 2 P 5 P 4 superposition. Note that the number of combinations to globally switch the channels yielding the high values χ max (m) of m = 3 and m = 4 are equal, however they do amount to all possibilities for m = 3, whereas some pairs only achieve local switching for m=4 which results in a decrease of transmitted information in the results shown in Fig. 4 .
